Abstract. Using an inequality by Corvaja and Zannier about gcd's of polynomials in S-units, we verify Vojta's conjecture (with respect to integral points) for rational surfaces and triangular divisors. This amounts to a gcd inequality for integral points on G 2 m . The argument in the proof is generalized to give conditions under which Vojta's conjecture on a variety implies Vojta's conjecture on its blowup.
Introduction
Building on the work of Charles Osgood [11] which connected Roth's theorem with Nevanlinna theory, Paul Vojta [15] formulated a precise dictionary between value distribution theory and diophantine approximations. Using this dictionary, he translated Griffiths' conjecture in complex analysis to a powerful height inequality for rational points of smooth varieties [15, Main Conjecture 3.4 .3]. Vojta's conjecture tells us how diophantine approximation on a variety is controlled by its canonical divisor, and it has profound consequences in both arithmetic and geometry: its known cases include Schmidt's subspace theorem (Schmidt [13] and Schlickewei [12] ) and two of Faltings' major results (Mordell conjecture [4] for curves and Lang's conjecture [5] for abelian varieties), and its unsolved cases include the Bombieri-Lang conjecture and the abc conjecture. As indicated by these examples, Vojta's conjecture is very difficult to prove in general.
As the geometry of the blowup is closely related to the original variety, one would expect Vojta's conjecture on the variety and on its blowup to be similar. In fact, Vojta's conjecture on the blowup implies Vojta's conjecture on the base, and moreover, these statements do not differ by much [15, Example 3.5.4] . However, proving Vojta's conjecture on the blowup is still often nontrivial even if the conjecture is known for the base: for blowups of abelian varieties, the only known case is the blowup of E × E, where E is a rank-1 elliptic curve (McKinnon [10] ). Moreover, Vojta's conjecture on blowups often implies new arithmetic results, including interesting greatest-common-divisor (gcd) inequalities and properties of elliptic divisibility sequences, as Silverman [14] has explored.
Precise statement.
Let k be a number field, let M k be the set of absolute values up to equivalence, and for each v ∈ M k , let | · | v be the absolute value in the class of v which is the
[k:Q] -th power of the normalized absolute value on Q. Additively, we write v(x) = − log |x| v , so the product formula becomes v∈M k v(x) = 0 for x ∈ k * . Let S be a finite set of places which includes M ∞ , the set of archimedean ones. We will use O for the ring of integers, O S for the S-integers, and O with respect to D via local heights, as the set of points for which v / ∈S λ D (−, v) is bounded by a constant [15] . This definition agrees with the usual notion when D is ample.
Vojta's conjecture [15 for P ∈ X(k) not on Z .
To state the main result of this paper, let X (0) = P 2 and define X (n+1) inductively as the blowup of X (n) at a point P n , with E (n+1) as the exceptional divisor. Let K (n) be a canonical divisor of X (n) . For i < n, define E (i,(i+1)) as the strict transform of
, and continue the process until we define E (i,n) . We note that E (i,n) is an irreducible divisor which is isomorphic to P 1 . Let π ji : X (j) −→ X (i) denote the composition of blowups. Outside the set B = {π 10 
is an isomorphism, and we will often make this identification. 
If the first blowup occurs at a point not on L, by [7, exercise II.8 
Therefore, (1) is equivalent to
Example 3. If the first blowup occurs at an intersection point of L and the second blowup occurs at a point on E (1) not on the strict transform of L, then
says
Since we can put all E (i,n) into Z, the full Vojta's conjecture involves evaluation of height inequality for points in P 2 − B − |L| (upon identification via π n0 ). So the notion of integrality used in Theorem 1 is not as strange as it may seem at first. Moreover, when D contains four or more components, integral points of X (n) \|D| often lie in a proper Zariski-closed set [2] , so Vojta-type statements would be vacuous. We will see that I is the set of integral points on G 2 m (points with S-unit coordinates), and hence I is Zariski-dense.
As noted earlier, this result for the first blowup of P 2 is equivalent to the result by Corvaja and Zannier [3], which is proved by an ingenious application of Schmidt's subspace theorem in an arbitrarily high number of variables. In contrast, Vojta's conjecture on P 2 for union of lines is equivalent to Schmidt's subspace theorem in three variables. Also, we only know the first blowup case for integral points, rather than for rational points as in the case of P 2 . Thus, the essentials of Theorem 1 are twofold: first, no further restriction of points is necessary to prove the conjecture for subsequent blowups; and second, the proof uses [3] rather than a yet-different application of Schmidt's subspace theorem.
The proof of Theorem 1 has several parts. We will show that some h E (i,n) are "small" (that is, bounded above by h A ) using explicit height computations of Section 2, the result in [3] , and some geometric arguments. Otherwise h E (i,n) is "big", but then such an E (i,n) satisfies a special geometric condition ("type two" divisor as defined later) which is reflected in K (n) . Using these characterizations, we will do separate induction for each E (i,n) . As an aside, Farey sequences will make their appearance in local heights of blowups which are toric. We end this section by reformulating the main result for rational surfaces. 
Proof. If π 2 is a composition of m blowups and if we let F (j,m) be the strict transforms to X of various exceptional divisors, then by induction,
for a j ≥ 1, the images under π 1 of π
Heights on blowups
In this section, we will prove a general formula for heights on blowups with respect to exceptional divisors. In the next subsection, we will specialize this formula for multiple blowups of P 2 . For more details, see [17] . 
where I contains relations of the form 
is bounded above and below on subsets of V ij where
. This is easy to check, using the relation
Example 6. When we blow up P n over k = Q along the subvariety defined by ho-
where we choose x i to be in Z with no common divisors. Therefore, as in [14] , the sum of all non-archimedean local heights is
The archimedean local height is not a standard gcd: if E is the exceptional divisor on the blowup of P 2 at [0 : 0 : 1], then
Example 7.
In this paper, we deal with blowups of surfaces, so the blowups occur at points. By choosing an open cover so that only one open set U contains the blowup point, (4) simply becomes
where f j are the local equations of the blowup point in U .
If all we need is some bound for the height function on the blowups rather than exact expressions, then we do not need the local generators. One could work with Nakai-Moishezon criterion, but the following naïve estimate suffices.
Proposition 8. Let X be a projective scheme over k, let H be a very ample divisor, and let I define a closed subscheme. Let π : X −→ X be the blowup of X along I , and let E be the exceptional divisor. Then there exists a very ample divisor
Proof. Let O X (1) be the line bundle corresponding to H.
H is very ample. So we can let A to be −E + (d + 2)H.
Local heights of multiple blowups of P
2 . We will specifically compute heights in important special cases, to be used in the proof of Theorem 1. We start the blowup at [0 : 0 : 1] of P 2 . We then always blow up at the most recently created exceptional divisor, that is, X (n) is the blowup of X (n−1) at a point P n−1 on E (n−1) . The composition π n0 of blowups is an isomorphism over P 2 \[0 : 0 : 1]. We will continue to use the notation used in the proof of Proposition 5.
We let [X : Y : Z] be the coordinates in P 2 , and let
represents X (1) . For notational convenience, let θ 0 = x and ϕ 0 = y. To compute heights as we continue the blowup process, assume that P i has a coordinate [a i :
. Let us define (inductively for ϕ i )
Φ i : a linear form in two variables which is nonzero at (a i , b i ),
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Note that θ i is a rational function of α i and β i which is an affine coordinate on E (i) around P i , and ϕ i is a linear form in x, y, θ 1 , . . . , θ i−1 . With this notation, it is easy to prove by induction that the ideal sheaf of the point P n−1 inside X
is generated locally by θ n−1 and ϕ n−1 , and that on an open set containing E (n) , X (n) is given by
Using the relations in (7) 
Example 10. Suppose we always blow up at [0 : 1] or [1 : 0] on the exceptional divisor in the coordinates of (7). Without loss of generality let X (2) be the blowup of
This is positive if and only if 0 < v(y) < v(x)
, which can be conveniently written as
We will prove by induction that θ n−1 = (n) , we can let Φ n (α n , β n ) = β n . Using the relation θ n−1 β n − ϕ n−1 α n , we have
Similarly, if we blow up at 
• ( (
• ( ( (n) constructed this way is always a toric variety. We will see in Proposition 13 that the geometric property of toricness corresponds to the arithmetic property of having particularly simple local height expressions (9) which are "big" on S-units.
Proof of Theorem 1
We use the notation of Section 1.1 right before Theorem 1. We can find an element ϕ ∈ GL 3 (k) which sends L to the three lines XY Z = 0, and by possibly enlarging k and S, it suffices to prove the theorem for S-integral points of P 2 \(XY Z). Thus, we can let L = XY Z and
For convenience, h without any specified divisor will mean the usual Weil height function on projective spaces with respect to a hyperplane.
To prove the theorem, for each m ≤ n we will analyze how
is constructed geometrically and determine whether h E (m,n) is "small" (bounded above by h A ) or not on I. We will then show that "big" ones occur with a negative coefficient in the canonical divisor. Let us fix m ≤ n and describe the "relevant" subtower of blowups for creating
We can show by induction that set-theoretically (10)
There is no triple intersection among the components in (10) , and the intersection multiplicity between any two components is one. Therefore, the point π m,m−1 (E (m) ) = P m−1 lies in at least one and at most two of the E (j,m−1) for j = 0, . . . , m − 1, where we let E (0,m−1) = P 2 − B for notational convenience. Define the predecessor of m to be the largest j such that E (j,m−1) contains π m,m−1 (E (m) ). Next we take
the predecessor of the predecessor, continuing the process until we reach the index 0. The ordered set of indices that we hereby obtain from 0 to m is the relevant subtower for E (m) . In the example drawn above, the circled point is the place we blow up to get the next one. For E (5) , P 4 ∈ X (4) lies in E (1, 4) and E (3, 4) , so the predecessor is 3. Then P 2 ∈ X (2) lies on E (1, 2) and E (2) , so the predecessor of 3 is 2. So the relevant subtower for 5 is 0 < 1 < 2 < 3 < 5. Since E (3,5) is not a result of blowing up directly from X (1) like E (4,5) , we need 2 in the relevant subtower. The relevant subtower for 4 is just 0 < 1 < 4.
The following proposition justifies the name "relevant subtower": we can actually do these blowups first and then fill in the skipped processes, preserving the geometric properties of E (m,n) . 
Proposition 11. (i) Let j be the predecessor of m. For any i with j
(ii) The base case of induction is i = 0 and θ 0 = id. Suppose we have already constructed θ i :
. Since the construction of blowups is local, we get the map on the top row in the following diagram
where the left vertical map is the blowup at P and the right vertical map is the blowup at θ i (P ). Note that θ i+1 is an isomorphism on an open set containing the exceptional divisor from the latest blowup, which is (θ i+1 ) * (F (i+1) ). We now use (i) repeatedly. Since P m i and P are two different points of X (m i ) , the order of these two blowups can be interchanged. We can then exchange the order of two blowups on
In the end, we will have
, and this is the desired θ i+1 . Properties (1) and (2) 
Proof. Let m = m l . By property (2) in Proposition 11 and by functoriality of heights, we can replace the left-hand side of (11) by a strictly positive linear combination of heights with respect to
. Since the height with respect to an effective divisor is nonnegative away from the divisor, this implies
By property (3), this in turn implies
) is E (m,n) plus possibly other effective divisors, so we are done by the same argument.
Therefore, for each m ≤ n, if there is one index in the sequence of predecessors where the height is small on I, h E (m,n) is also small. Next, we determine when there is such an index. When the relevant subtower of m is 0 < m 1 < · · · < m l = m, for each Y (i) , consider the set S i which consists of the strict transforms of the three lines and exceptional divisors F (1,i) , . . . , F (i) . If the point we blow up to construct Y (i+1) is at the intersection of two divisors in S i for all i = 0, . . . , l − 1, then we say E (m,n) is type two; else E (m,n) is type one. In other words, in the relevant subtower, if the blowup always occurs at an intersection of lines and previously constructed exceptional divisors, E (m,n) is type two. In particular, if E (m,n) is type two, the first blowup in the relevant subtower must be at one of the three points of intersection of the triangle. Moreover, note that even if the blowup point for constructing Y (l) occurs at an intersection point, if one of the previous blowups in the relevant subtower occurs off of the intersection points, then E (m,n) is type one. The following proposition demonstrates some properties of type two divisors, including the fact that heights with respect to these are big on I. This is in a sharp contrast with type one divisors, as we will see in Proposition 15.
Proposition 13. Suppose that E
(m,n) is type two.
(i) There exists a strictly positive constant C such that
Remark. (i) shows that type two divisors cannot satisfy the hypothesis of Corollary 12, so the height is big on I. The relevant subtower is a toric variety in this case, since the blowup always occurs at a fixed point of the torus action. So (ii) also follows from the theory of toric varieties, as the canonical divisor is the negative of the sum of the T -divisors [6] . We will give a more direct proof here.
Proof. (i) By property (3) of Proposition 11, the left-hand side can be replaced by h F (l) ,Y (l) . By assumption, every blowup in the process of constructing Y (l) occurs at a point of intersection. So without loss of generality, we can assume that Y (1) is the blowup at [0 : 0 : 1], and from Example 10, (12) is at least
when v(x) > 0 (the first term of (12) 
is larger). On this curve, |v(x)| ≥ |v(y)|, so
Therefore, choosing an appropriate δ,
on infinitely many curves, each of which contains infinitely many points of I.
(ii) Since each blowup point is on two components, by exercise II.8.5 of [7] , it is easy to show by induction that the canonical divisor for Y (l) can be written
(m) plus other components. By applying the same exercise to each blowup of X (n) −→ X (m) , we are done.
Next we show that the height with respect to a type one exceptional divisor is small on I. This is where we use the following result of Corvaja and Zannier [3]. Theorem 14. Let Γ ⊂ G 2 m (Q) be a finitely generated group, let p, q be nonconstant coprime polynomials in two variables with coefficients in Q, and suppose that not both of them vanish at (0, 0). For every positive , [14] noted that this was the essential information for showing Vojta's conjecture on one blowup of P 2 for a triangular divisor, restricted to integral points. We will generalize this observation to multiple blowups in the following proposition, using Example 10. Combined with Corollary 12, the next proposition implies that the height with respect to a type one exceptional divisor is small on I.
And the same inequality holds for the height of E (m,n) .
Remark. From the proof of Theorem 1 given below, it will be clear that this proposition is necessary for Theorem 1 to hold (see also Example 2).
Proof. Without loss of generality, we may assume that Y (1) is the blowup of P 
If x, y ∈ O * S , then so are θ l−2 and ϕ l−2 , so the height computed in Proposition 9
can be thought of as a gcd of polynomials in
Hence, by Theorem 14, this is bounded above by
except for points satisfying a polynomial in terms of these two variables. We can rewrite the exceptional set as a polynomial in x and y, so this upper bound is valid for all points of I outside of a proper Zariski-closed set in P 2 . Moreover,
So we are done by adjusting .
Now we can finish the proof of Theorem 1. It always suffices to check Vojta's conjecture for one ample divisor. By induction and repeatedly applying Proposition 8, there exists a very ample divisor A on X (n) such that h A (P ) is at least h(P ) (up to a bounded function). Therefore, for any > 0, if we can bound the left-hand side of the inequality (1) in the theorem by h(P ), we are done.
Writing
, let N be the largest coefficient that appears (we do not need a bound for N , but N is at most (n + 1)-st Fibonacci number). We look at the left-hand side of the inequality component-wise. First, is type two, then by Proposition 13 (ii), the coefficient of E (m,n) in the expression of K (n) is −1, and since D contains at most one copy of E (m,n) by the normal crossings condition, the height coming from this component will be bounded above by a bounded function. For m ≤ n such that E (m,n) is type one, construct the relevant subtower 0 < m 1 < · · · < m l = m, and let m i be the smallest index that is type one (1 ≤ i ≤ l). Applying Proposition 15 with (N +1)n , there exists a Zariski-closed Z ,m P 2 such that
for P ∈ I\Z ,m . By Corollary 12, we can replace the left-hand side of (14) by
so the total contribution from the height of E (m,n) is at most n h(P ). Combining different components, we now see that the left-hand side of (1) is bounded above by h(P ), as long as P ∈ I avoiding all of the Z ,m and B. This concludes the proof.
Extensions
In this section, we discuss extensions of Theorem 1, both provable and open. First, we generalize the inductive step of Theorem 1. The key in the inductive argument was finding a divisor relative to which height of integral points is small, and then using functoriality of heights to show that the smallness is kept on subsequent blowups. We can generalize this idea to show that in some cases Vojta's conjecture on the base variety implies Vojta's conjecture for the blowup. Of course, we still have to know Vojta's conjecture on the base, but this shows that sometimes a seemingly stronger conjecture on the blowup is implied by the one on the original variety. 
for P ∈ I. Let D be a normal crossings divisor on X of the form Remark. As stated in the introduction, Vojta's conjecture on a single blowup of P 2 for a triangular divisor (Corvaja-Zannier case) is not a direct consequence of Vojta's conjecture for P 2 , and consistently, some hypotheses of this proposition are not satisfied. On the other hand, the proposition does apply to going from the first blowup to the second in the setting of Theorem 1, at least when h E (1) is small (i.e., when E (1) is type one). So the proposition distinguishes the two kinds of blowups. More specifically, when X = P 2 , K − = (XY Z) and K + = 0, and if F = 0, then |K + + F | is empty. If F is a positive divisor on P 2 , then the normal crossings condition for K − + F implies that F cannot go through (0, 0), so the dehomogenized polynomial defining F has a nonzero constant. Then one can show that (15) contradicts the S-unit equation. So there is no way to satisfy the assumptions of the proposition.
On the other hand, if X is the blowup of P 2 off of the triangle and Y is a point on E (1) , the proposition applies with F = 0. When X (1) is the blowup at a point on exactly one line, F must be set to E (1) . In this case, λ E (1) ([x : y : 1]) = max(0, min[v(x − 1), v(y)]), so (15) is satisfied, and the proposition applies. Thus, this proposition generalizes the inductive argument from X (i) when E (i) is a type one divisor (i.e., when h E (i) is small). For points of I, the first term is a bounded function, so if we know Vojta's conjecture on X for D (for rational points or just for I), we conclude that for P ∈ I except for a proper Zariski-closed subset Z . Therefore, using (15) when necessary, h F i (P ) < h A (P ) + O(1) for each i. Since π * (F i ) is F i plus possibly the exceptional divisor E, by functoriality, we have
for P ∈ I − Z ∪ Y . Moreover, since |K + + F | contains Y , π * (F i ) contains E for some i, so the above inequality also holds when we replace the left-hand side by h E . The canonical divisor of X is linearly equivalent to π * (K) + (r − 1)E, where r is the codimension of Y , so in our case, K X = K + − K − + aE for some integer a. Therefore, the left-hand side of Vojta's inequality on X for D becomes
for some a i (the number of F i in K + plus χ i ). For Q ∈ π −1 (I −Z ∪Y ), both of these terms are bounded by a fixed multiple of h A (π(Q)) (plus a bounded function). As before, Proposition 8 finishes the proof.
We end the paper by discussing what happens to Theorem 1 when we change the divisor from a triangle or when we remove the integrality condition. This enables us to obtain new arithmetic results, unlike the case of Theorem 1, whose proof is essentially geometric and combinatorial once given the arithmetic input of [3] . So instead of a triangle, let D be an irreducible cubic in P 2 or the union of a line and an irreducible conic. If we blow up P 2 at a point outside |D|, then Vojta's conjecture for the divisor D + E (1) is still inequality (2) in Example 2, but we
